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WEYL DENOMINATOR IDENTITY FOR THE AFFINE LIE 

SUPERALGEBRA qI{2\2J 

MARIA GORELIK 



Abstract. We prove the Weyl denominator identity for the affine Lie superalgebra 
2 1(2 1 2)" conjectured by V. Kac and M. Wakimoto in [KW . As it was pointed out in [KWj . 
this gives a new proof of the Jacobi identity for the number of presentations of a given 
integer as a sum of 8 squares. 



o 

(N 



(N| ! 0. Introduction 

L_| ■ The denominator identities for Lie superalgebras were formulated and partially proven 

n/ . in the paper of V. Kac and M. Wakimoto |KWj . In the same paper it was shown how 

various classical identities in number theory as the number of representation of a given 

integer as a sum of d squares can be obtained, for some d, by evaluation of certain 

denominator identities. The following cases are considered in the paper [KWJ: 

(a) basic Lie superalgebras, i.e. the finite-dimensional simple Lie superalgebras, which 

have a reductive even part and admit an even non-degenerate invariant bilinear form; 
> ; 

(b) the affinization of basic Lie superalgebras with non-zero dual Coxeter number; 

CH ■ (c) the (twisted) affinization of a strange Lie superalgebras Q(n); 

r^ (d) the affinization of gl(2|2) (this is the smallest basic Lie superalgebras with zero dual 

O ' Coxeter number). 

O ! 

Some of the cases (a), (b) are proven in [KWj; the proof is based on combinatorics of 

root systems and a certain result from representation theory. The rest of (a) was proven 

in |Glj using only combinatorics of root systems. The rest of (b) was proven in [G2j using 

(a) and the existence of Casimir operator. The case (c) was proven in [Z] analytically. 

In the present paper we prove (d), i.e. the identity for the affine Lie superalgebra $j[(2|2)" 

conjectured in [KWj, 7.1. The proof uses the existence of Casimir operator and an idea 

of[Z]. 
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In order to write down the identity, we introduce the following infinite products af- 
ter |DK] : for a parameter q and a formal variable x we set 



oo 

'"' - (/"■<■) 

n=0 n=0 



[l+x)™:=Y[(l + q n x), and (1 - z)? := J[(l - <f 



These infinite products converge for any x G C if the parameter q is a real number < q < 
1. In particular, they are well-defined for < x = q < 1 and (1 ± q)J > :— J^[^ =1 (l ± q n ). 

Take the formal variables x, yi,y 2 - The denominator identity for g[(2|2)"can be written 
in the following form 

(1) 

(1 - z)~(l - gx- 1 ) g 00 (l - xy iy2 )?(l - q(x yi y 2 )-X((l ~ Q)?Y _ 



II(i + vi)?0- + QvrXi 1 + wW 1 + 0*-V 



-1„,— l\oo 
i=l 



oo\2 



((i-O 



-,n „n r 



v^ , r_ <r_x v 

"~ (1 - qy^y 2 )™(l - qyiyz 1 )™ ' n t^/(l + <? n 2/i)(l + <7 n 2/ 2 ) ~ (1 + q n x yi )(l + q n xy 2 ) h 

Expanding the factor — — : — -f zrn— in the region q < I — I < q we obtain 

(see Lemma 11.3. ip 



((i-g), 00 ) 2 



>q> _ 1 I V^ 00 f /'l/l 



1 "r 2^n=l ■/« 



where f n (y) := (j/ n + y" n - y^ 1 - y 1 ^) ^°l (-l)i g (i+ 1 )0'+^)/ 2 

and this gives the identity conjectured by V. Kac and M. Wakimoto. 

The left-hand side of the identity represents the Weyl denominator R for the affine 
Lie superalgebra gl(2|2)~; the second factor in the right-hand side is the analogue of the 
right-hand side of the denominator identity for affine Lie superalgebras with non-zero 
dual Coxeter number. Note that the denominator identity for the affine Lie superalgebra 
sl(2|2)"can be obtained from the denominator identity for gl(2|2)"by taking y± = y 2 ; as a 
result, the denominator identity for sl(2|2)Tis almost similar to the denominator identity 
for affine Lie superalgebras with non-zero dual Coxeter number with one extra-factor 
(1 — q)^° in the left-hand side (since the dimension of Cartan subalgebra for s[(2|2) is less 
by one than the dimension of Cartan subalgebra for g[(2|2)). 

As it is shown in |KWj . the evaluation of this identity gives the following Jacobi iden- 
tity [J]: 

oo 

(2) D(g) 8 = 1 + 16 J2 (-l) U+1]k k 3 q jk , 

j,k=i 
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where □ (<?) = J2jez1' i an< ^ thus ^he coefficient of q m in the power series expansion of 
□ (g) d is the number of representation of a given integer as a sum of d squares (taking 
into the account the order of summands). 

In Section 1 we introduce notation. In Section 2 we prove the identity ([1]). In Section 
3 we recall how to deduce the Jacobi identity from the identity (pQ). 

1. Notation 

1.1. Root system. Consider V := M. 5 endowed by a bilinear form and an orthogonal 
basis £i, £2, Si, 62, S such that (e^, Si) = 1 = —(Si, Si) for i = 1, 2 and (S, S) = 0. Set 

A := Si - £1, a := £1 - £ 2 , /3 2 := £2 - <$2, 7 := /?i + a + ^2 = S ± - S 2 . 

The root system of gl(2|2) is A = {±a, ±7}, Ax = {±/3 4 ; ±(a + A)}i=i,2- The affine 
root system is Aj = U se z(\ + sS), i — 0,1. 

We consider the following sets of simple roots for gl(2|2) and g 1(2 1 2)" respectively: 

n := {Pi,a,/3 2 }, and fl = {/3 X , a, j3 2 , S - 7}. 

One has 

A + = {a,7;A,aH-AW,2, A+ = A+UU^ 1 (A + 4 P = P=- ^^ 2 - 
Set 

1.1.1. For v G A let s„ G Aut(K) be the reflection with respect to v, i.e. s v (\) = 
A — t^t^- The Weyl group W of A takes form W = W a x W 1 , where PVq, (resp., W 7 ) is 
generated by the reflection s a (resp., s 7 ). 

For z/ G V introduce t u G Aut(V) by the formula 

t„(X) = X - (X, fi)5. 

Then t^t^ = t M+ „. For z/ G A we denote by Tj, the infinite cyclic group generated by £„ 
and by W u the group generated by s u and £„. The Weyl group of g 1(2 1 2)" is W = W a x W" 7 . 
Notice that S and fii—fii he in the kernel of the bilinear form so these vectors are VF-stable. 

For a subgroup G of the Weyl group we introduce the following operator: 

J-q '■= y_] sgnw ■ w. 
weG 



1.2. Algebra 1Z. We are going to use notation of |G2j . 1.4, which we recall below. 
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1.2.1. Consider the space fy* = V © MA and extend our bilinear form by (A ,<5) = 
1, (A , A ) = (A , Si) = (A , Si) = for i = 1, 2. The Weyl group W acts on \]* as follows: 
the reflections act by the same formulas and the action of t M extends by the standard 
formula 

t M (A) = A + (A, S)n - ((A, fi) + ^(A, 8))S, fieV,\et)* 
Call a Q + -cone a set of the form (A — Q + ), where A G f)*. 

1.2.2. For a formal sum of the form Y := Ylveh* b v e v , &„eQ define the support of Y by 
supp(y) := {h> E t)*\ b u i^ 0}. Let 7Z be a vector space over Q, spanned by the sums of 
the form Y2ved+ ^ e ; where A G f)*, b u £ Q. In other words, 1Z consists of the formal 
sums Y = ^2 u€ u b u e u with the support lying in a finite union of Q + -cones. 

Clearly, 1Z has a structure of commutative algebra over Q. If Y G 1Z is such that 
YY' = 1 for some Y' G 1Z, we write Y~ l := Y'. 

1.2.3. Action of the Weyl group. For w & W set w(J2 u eb* b u e u ) := YLveii* ^v^ wv ■ One has 
u;F G 72. iff w(supp F) is a subset of a finite union of (j) + -cones. 

Let W be a subgroup of W. Let 1Z W > := {Y G 1Z\ wY G 72 for each w G IF'}. Clearly, 
7Zw' is a subalgebra of 1Z. 

1.2 A. Infinite products. An infinite product of the form Y = Ylvexfi + a ^ e ~ u Y^ u \ where 
a u G Q, r(v) G Z> and X C A is such that the set X \ A + is finite, can be naturally 
viewed as an element of 7Z; clearly, this element does not depend on the order of factors. 
Let y be the set of such infinite products. For any w G W the infinite product 



wY := Y[(l + a u e~ 



-wv\r(v) 

vex 



is again an infinite product of the above form, since, as one easily sees ( |G2j . Lem. 1.2.8), 
the set wA + \ A + is finite. Hence y is a IF-invariant multiplicative subset of TZ^. 

The elements of y are invertible in 1Z: using the geometric series we can expand Y^ 1 



(for example, (1 — e a ) x = — e a (l — e a ) l = — Yl^i 



e 



1.2.5. The subalgebra 7V . Denote by 7Z' the localization of TZ^ by y. By above, 1Z' 
is a subalgebra of 1Z. Observe that 1Z' <$_ TZ-^: for example, (1 — e~ a )~ l G 7Z', but 
(1 — e~ a )~ l = YHT=o e ~^ a $■ Tt-w- We extend the action of W from 7Z^ to 1Z' by setting 
W {Y- 1 Y') := {wY)- x {wY') for yey, Y' G 1Z W . 
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An infinite product of the form Y = Yluex(^~^ a ^ e u ) r{ - u \ where a u ,X are as above and 
r(u) G Z lies in K', and wY = Uuexi 1 + a u e~ wu ) r ^. One has 

supp(F) C A' — Q + , where A' := — y, r v v - 

u£X\A + :a„^0 

Remark. Set q := e~ s ,x := e~ a ,yi := e~ ft and write elements of 72' as power series 
in these variables. Since {e~ u , v G 11} = {x, 2/1,2/2, Q{xyiV2)~ 1 } , the support of Y G 72/ 
correspond to the expansion of Y in the region \q\ < \xy\y2\] \x\, \yi\, 1 2/2 1 < 1- 

1.2.6. Let W be a subgroup of W . For Y G 72' we say that Y is W -invariant (resp., 
W -anti-invariant) if wY = Y (resp., wY = sgn(w)Y) for each w G W . 

Let Y — ^2 a ^ £ TLw be W-anti- invariant. Then a Wfl = (— l) sgn ^a M for each jjl and 
w G W. In particular, Wsupp(y) = supp(y), and, moreover, for each \i G supp(y) 
one has Stab^' H C {w G W'\ sgn(«;) = 1}. The condition Y G IZw' is essential: for 
example, for W = {id, s a }, the expressions Y := e a — e~ a , Y~ l = e~ a (l — e~ 2a )~ l are 
W-anti- invariant, but supp(y _1 ) = —a, —3a, ... is not s^-invariant. 

Take Y = ^a M e M G IZw 1 - The sum Fw'^X) = J2 W €W ,s S sl ( w ) w ^ r i s an e l emen t of 72. 
if for each fi the sum J2 w &v s & a ( w ) aw f j - i s finite (i.e., W'/i fl supp(F) is finite). In this 
case Fw'iY) € 72 and, writing F W >(Y) = X^M eM > we obtain b^ = J2 weW > sgn(w)a WIM so 
6 M = sgn(w;)& W/U for each w G W 7 . We conclude that 

Fw(Y ) G K,w'] 
Y G 72m/' & Tw(Y) G 72 =>- <( JV'OO is ^'-anti-invariant; 

suppf^V'OO) i s W-stable. 

Let us call a vector A G f)* W -regular if Stabyt/' A = {id}. Say that the orbit VT'A 
is W- regular if A is W^'-regular (so the orbit consists of W-regular points). If W is an 
affine Weyl group, then for any A G J)* the stabilizer Staby^ A is either trivial or contains 
a reflection. Thus for W = W a , W 7 one has 

Y G TZw' & Fwiy) £ 72 =>■ supp (J-'w'iX)) is a union of VF'-regular orbits. 

1.2.7. Remark. For Y G 72' the sum Fy/iiY) is not always W-anti-invariant: for 
example, for W = {id, sj one has T W >((1 - e'^ 1 ) = (1 - e"")" 1 - (1 - e )" 1 = 
1 + 2e~ a + 2e~ 2a + . . . which is not W-anti-invariant. 

1.3. Another form of denominator identity. Introduce the following elements of 72: 

The products i?e p and i?e p are VK-anti- invariant elements of 72' (see, for instance, [G2] . 
Lem. 1.5.1). 
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1.3.1. Lemma. In the region q < \y\ < q x one has 

n u w r j noo = J2(y n + *" n - ^ n " - y l ~ n ) 5>i)V i+1)(i+2n)/2 

(1 - gy)°°(l - gy ^ f^ v ; ^ 

and this expression lies in IZ for y = e 132 ^^ 1 . 

Proof. Consider the root system sl(2|l) with the odd simple roots (3[, /3' 2 and the even 
positive root a' = j3[ + /3' 2 . Note that the corresponding element p' is equal to zero. 
Consider the corresponding affine root system, let 5' be the minimal imaginary root and 
W' be its Weyl group. The affine denominator identity for sl(2|l) written for z := e~ 5 
takes form 

(i-e- Q, )r(i-^')r((i-^)r) 2 _ = ^ z ^ ( e™ e -™ , 

^ ' U + z n e~^ l + z n efe*' 



}~[(l + e-^(l + ze fz 



i=l 



Both sides are well-defined for real < z < 1 and f3[ such that e^» 7^ z n for n G Z. Taking 
e a = —1 and e _/31 := — £ we obtain e - ^ 2 = e~ a e lBl = £ _1 and the evaluation gives 

2((i + ,)r(i-^) 2 ^ ( _ 1)B/f j l_i 

(1 -£)-(! + r i)-(l-^-i)-(l + ^)- Z-,J J h-z-Z 1 + z^- 



n=—oo 



For z 2 = q,£ 2 = y we get 

((1 - <) 



2 



.,.„ , - 2 E (-ir^ 



(l_ w )~(l- w -i)»(l-y) m f-J 1-g-y 

For m > one has ^^ = £^ ^ m V and i- g - m y = ~ E£Li q mk y~ k so 



,2 



U-L ?Jg ) 1 , /I \r^OO / -, \ m V-^OO / m. 2 +m + 2mfc fc m 2 -m+2mfc , 

(i - „)-(! - „-.). = 1 + P - ») S—(-ir Sn,(« * «*-« • » ) 

= 1 + E~.„(-i) ra Er. t fa """"""" V - s*- 1 + »-* - J* 1 ' 1 ) 

as required. One readily sees that the right-hand side of the above expression lies in 1Z 
for y = e^~ h . □ 

1.3.2. Set x := e~ a ,yi := e"^ for i — 1,2 and g := e _<5 . Under this substitution, the 
left-hand side of (QQ) becomes /? and, using Lemma ll.3.1[ we rewrite flTJ in the following 
form 

(3) & = (1 + E ^'^ ( (l + e -^)(l + e-^) ) ' 

Denote by Li/S* (resp., RHS) the left-hand (resp., right-hand) side of the identity (|SJ). 
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The denominator identity for gl(2|2) takes the form 

e p e p 

(4) Tw « ( (l + e-ft)(l + e-^) ) = ^ = ^ ( (l + e-N(l + e-^ ' 

so 03]) can be rewritten as 

Re" = {l + Y^fn)^T a {R^)- 
In the sequel we need the following lemma. 

1.3.3. Lemma. If J r T a {Re p ) is well-defined (as an element oflZ), then 

jr Ta (Re p ) = F T ,(Re p ). 

Proof. Note that (7 — a, p) = (7 — a, /%) = for i = 1,2 so (1 _ e -fi 1 '? (1 _ e -.$ 2 ) is invariant 
with respect to the action of t 7 _ Q . Therefore 

Tt <* ((i + e -ft)(i + e -&)) = ^ ((i + e -/Ji)(i + e -/J2)) ' 
Using the formula (jlj), we obtain 

J" Tq (ife*) = 7 Ta O J^ ( (1+e _ ft ^ 1+e _^ 2) ) == J= Wl O ^Ta ((l +e -^l)(l+ e -^)) 

= J"w, ° ^r 7 ( ( i+e-ft)(i+ e -^)) == Ft,, ° JV 7 ( (1+e -^)( 1+e -/3 2) ) = J r T 1 (Re p ), 
as required. D 

As a corollary, (J3D can be rewritten as Re p = (1 + ^/ n )J-r 7 (-Re p ). 

2. Proof of the denominator identity 

2.1. By ll.2.4[ LHS is an invertible element of 1Z' . In this subsection we show that RHS 
is a well-defined element of 1Z. 

For i« G VKa set 

g 1 „:=supp(u,( (1 + e _^ 1 + e _ fe) )). 

One has 

tna \l + e-^)(l + e-foy ~ (l + q n e-^)(l + q n e^y 
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Then for n > one has 

Sid = {p~ faPi ~ k 2 (3 2 }, S Sa = {p-(l + kx + k 2 )a - kjjh - k 2 (3 2 }, 
St na ={p- nil + h + k 2 )5 - kipx - k 2 /3 2 }, 
(5) S t _ na = { P - n(l + h + k 2 )5 + (h + 1)13, + (fe + 1)&}, 

s t naSa = {p- n(l + h + k 2 )5 -(l + ki + k 2 )a - k x P\ - h(3 2 }, 
St- naSa = {p~ nil + h + k 2 )5 + (1 + k x + k 2 )a + k x p x + fc 2 /3 2 }, 

where ki,k 2 > 0. Observe that the above sets are pairwise disjoint so the sum Ty, a ( n+e-^iui+e-^) ) 
is well-defined and its support lies in p — Q + . Clearly, the sum 1 + Y2 fn is well-defined. 
One readily sees that 



(6) n5 + kf3 1 -k(3 2 eQ + ^^ \k\ < n 

Thus the support of 1 + Yl fn lies in {0} U {— m5 + k(3 x — k(3 2 \ m > 0} fl — Q + (in 
particular, (1 + ^ fn) G TV)- Hence RHS is a well-defined element of 1Z. 

2.2. Lemma. The expansion of ^f in the region \q\ < \xy x y 2 \, \x\, \y x \, \y 2 \ < 1 is of 
the form 1 + J2n=i Y^ 1 j=-n a n,jQ n (^) j , where a nJ £ Z. 

Proof. Recall that LHS = Re p and that Rey (see[L231for notation). ByEU RHS E K. 
Therefore the fraction 



Y ■= Iff = k '^' ■ RHS 



lies in TZ. 



Clearly, — p e supp(-R _1 e~ p ) C (— p — Q + ). Since supp(i?H5) C p — Q + , we conclude 
that supp(y) C — Q + . By (jSJ) the coefficient of e p in RHS is 1; clearly, the coefficient of 
e~ p in R~ 1 e~ p is also 1, so the coefficient of e° = 1 in Y is 1. In the light of Remark 11.2.51 
the required assertion is equivalent to the inclusion 

(7) supp(F) C {-nS + j(/3 x - (3 2 )\n > 0, \j\ < n}. 

Retain notation of 11.2.11 The element p a := 2Ao + f is the standard element for 
the corresponding copy of sl 2 C gl(2|2)T. Recall that R = -5a (see 11.31 for notation) so 
R ie p«-P = R e pa ■ (Re?)- 1 . By HI1 R x e pa ~ p belongs to K^. It is a standard fact 
that R,Qe pa is W^-anti-invariant. Recall that Re p is VF-anti- invariant. Thus R x e pa ~ p is a 
W a - invariant element of TZ^. One has 

Roe^Y = R x eh-» -RHS=(l + J2 fn) ■ &**■-> ■ J* a ( (1 + e -^ {l + e - fe) ) ■ 
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The H^-invariance of R\e pa p gives 

- - p p Rip?™ 

so 

Jv fey = ( i + T».^ ( — gig— _ ). 

By EH ft( , lt ,-4, y< ,| ) lies in 7J s o ^. ( ^.-g 1 ,-^-,,, ) lies in K. By OH the 
term 

"■■ n ( i+e_/3 ) 



e p a 



(l + e -/9i)(l + e -A) 

/8eA ll+ \{/9i,Ai} 

lies in 7?.^. Therefore, in the light of 11.2. 6[ J-"^ ( n+e-^ivi+e-^O is a V^-anti-invariant 
element of IZu, . Observe that — = e 132-131 is W- invariant so f n is W-invariant. Thus 
(1 + Z fn)Fw a ( (l+e-ffixi+e-fti) ) is a ^a-anti-invariant element of 7l Wa . As a result, 
Roe Pa Y is a W 7 ^- ant i- invariant element of TZ-^ ■ 

Write Y = Yi + Y 2 , where Y\ = Yl^Lo YlT=-oo a n,j ( l n {~y an d ^2 does not have mono- 
mials of the form q n (— )■?', i.e supp(y) = supp(Yi) ]Jsupp(l2). One has Yi E 1Z because 
supp(Fi) C supp(r) C -Q+ (1 = 1,2). 

Since — = e^ 2 ~^ x is Vy-invariant, Y\ is a VK-invariant element of TZ^. Since Roe Pa is 
a Wo-anti- invariant element of 1Z^ , the product R\e Pa Y\ is a W^-anti- invariant element 
of IZfy . By above, Roe pa Y is a W^-anti- invariant element of IZ^ . Hence R§e pa Y 2 is a 
W^-anti-invariant element of IZ^r . 

Assume that Y 2 7^ 0. Recall that supp(l2) C — Q + . Let // be a maximal element in 
supply with respect to the standard partial order fj, < v if {y — fj) G Q + - Then p a + ^ 
is a maximal element in the support of Roe pa Y 2 . By II. 2. 6] this support is the union of 
Wa-regular orbits, so p a + // is a maximal element in a regular VJ^-orbit (regularity means 
that each element has the trivial stabilizer in W a ). Since \i E —Q + one has ,^'^-Z E 7h. 

Therefore T^a) = ^ + (z 2 ' )' fs^Ts^a) = 1 + 0*><$ ~ <*) are positive integers so 
(/!, a), (/i, <5 — a) > 0. Since /i E —Q + one has (/1, 5) = and thus (//, a) = 0. 

The element p 7 := — 2A + § is the standard element for the corresponding copy of s\ 2 . 
Using Lemma [1.3.31 we obtain 

r^y = (i + £ /„)^( (1+e _f;f; +e _ gJ) ) . 

Repeating the above reasoning for W" 7 we obtain (//, 7) = 0. Hence (/i, a) = (/i, 7) = 
and |U G — Q + . This implies /i = — m8 + fc(/3i — fa), which contradicts to the construction 
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of Y 2 . Hence Y% — so Y = Y\ that is supp(y) C {—n5 + j{f3\ — fa)}- Combining the 
condition supp(y) C — Q + and ([6]), we obtain the required inclusion fijty. □ 

2.3. Evaluation. By Lemma [2.21 -p^f is a function of one variable y := — . In order to 
establish the identity LHS = RHS, it is enough to verify that jjj§(y) = 1 for a fixed x 
and some 2/2, 2/1 satisfying y\ = yy 2 . We will check this for x = —1,1/2 —y,Vi — V 2 , (he. 

e- a = -1, e'? 1 = y 2 , e'? 2 = y). 

One has fff = FT 1 (RHS ■ e~ p ). We write RHS ■ e~ p = AB, where 

• (l- W )S ( 1 -W- 1 )r' ' ^-Hl + e-AKl + e-A)^' * y 2 ' 

2.3.1. Recall that an infinite product n^i(l + 9 , i(- 2 )); where g;(z) are holomorphic func- 
tions in U C C is called normally convergent in U if Yldi( z ) normally converges in U. 
By [R], a normally convergent infinite product converges to a function g(z), which is 
holomorphic in U; moreover, the set of zeros of g(z) is the union of the sets of zeros of 
1 + fi(z) and the order of each zero is the sum of the orders of the corresponding zeros of 
! + &(*)• 

The denominator of A(y) normally converges in any U C X, where X C C is a compact 
not containing 0. Thus A(y) is a meromorphic function in the region < \y\ with simple 
poles at the points y = q n , n e Z \ {0}. 

2.3.2. The evaluation of R takes the form 

2 uZii 1 - 4 n ) 4 (! + g n ) 2 (i + 9 n- y)(i + fr 3 ) 



^ lT=o n«=i(i + <? n r)(i + q n+l y~ s )(i - q n y s )H - q n+l y- s ) 

All infinite product in the above expression normally converge in any U C X, where 
X C C is a compact not containing 0. Therefore R(y) is a meromorphic function in the 
region < \y\, and 

(8) A _ (i - v) n^=o(i - ?V)(i - ? n+ V 2 ) nLi(i + <zV)(i + <f + V s ) 



i? vtf/ 2 rr =0 (i - ? 2n ) 2 (i + ?v)(i + q n+i y- 



•3> 



is a meromorphic function in the region < |?/| with simple poles, the zero of order two 
at y = 1 and all other zeros of order one; the set of poles (resp., zeros) is P (resp., Z): 

P := 0/| y 3 = -q m k y ^ -q%, m& , Z := {y\ y 2 = ±q m } rn& . 
One readily sees from (jHJ) that 
(9) Hm(y-l)- 2 4(z/) = 2 ! 4( W ) = 4(y) • ?(1 " w) 



v-*i R R R l-y 
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2.3.3. Recall that 



q n q n e ° 



B = \^ ( 1 ^— ) 

f-' ^(l + q n e-^)(l + q n e-^) (1 + q n e~^- a ){l + q n e-^- a )' 

so the evaluation takes the form 

u( v \ _ y^°° ( <t | <f_ \ 

f-,n\ ^yy) ^n=-oo\(l+q"y)(l+q"y2) ~ (l-^yjfl-,}™); 2 )/ 

l iU J _ _J_ v^oo I q h q"y . g" g"y \ 

"~ 1-j, Z^n=-oo I l+q n y l+q n y 2 ' l-q n y l-q n y 2 ) ' 

Each point y G C such that ?/ 2 7^ ±g™ for n G Z has a neighborhood [7 such that the 
above sums converge absolutely and uniformly. Thus B(y) is a meromorphic function in 
the region < \y\ with poles at the points {y\ y 2 = ±q n } ne i, where all poles are simple 
except the pole of order two at y — 1. Let us verify that B(y) = for each y G P. For 

y 3 = —q k , y G" {— q m } one has 

y y _ 1 



=F: 



1 ± 3V 1 =F qn+ky- 1 1 =p q~ n ~ k y 

so -B(y) = 0. Hence -jr(y) is a holomorphic function in the region < 



n 



y\ 



From the second formula of (1101) one sees that B(qy) = q 1 y_-^-; combining with Q 
we get ^-(qy) = 4r(?/)- Since ^-(y) is a holomorphic function in the region < \y\, this 
function is constant. One has 

lim(l - yf ■ B(y) = lim(l - yf- 1 = \. 

y-+i y-+i {l — y){l — y 2 ) 2 

Using ([HD we obtain 4r(l) = 1 so ^-(y) = 1 (for < \y\). This completes the proof of 
denominator identity. 

3. Application to Jacobi identity (E 



Recall the Gauss' identity (which follows easily from the Jacobi triple product) 



D(-q) 



[i-q) 



oc 



:i+g)r 



The evaluation of the identity (JTJ at y± — jfe — 1 gives 
((l-i)»(l-gx-t) 2 ((l-<) 



2//, n~-,\4 x 

q ) \\^ H)q 



E 



4((1 + ,)-)'((! +x)f(l + ^'')~) 2 /" ""' 

where a n 



-00 

q"x 



(l+q n )(l+q n ) (l+q n x)(l+q n x) ' 

We divide both sides of the above identity by - ~g and take the limit x H- 1; we get 



( , 7 ) =1-16 V 



•(i + ?)S° ^ (1 + g") 4 
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since 

,. ao 1 ,. a n + a. n q n (q 2n - 4q n + 1) 

hm — = — , hm 



x—tl 



(x-1) 2 16' x->i (x-1) 2 (1 + q 

4 _ v-°° ( i y O'+ 1 )Q'+ 2 )(i+ 3 ) r ,7 



ra^4 



Using the expansion (a + 1) 4 = X]jlo( — -0 — 6 — -a- 7 , we obtain 

oo oo 
n=l j=l 

which implies the required identity 

oo oo 

D(g) 8 = l + 16^^(-l)^jV J . 

n=l j=l 
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